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Abstract: In this paper, we study spatial central configurations where 
N bodies are at the vertices of a regular N-gon T and the other 4 bodies 
are symmetrically located on the straight line that is perpendicular to the 
plane that contains T and passes through the center of T.We study the 
necessary conditions about masses for the bodies which can form a central 
configuration and show the existence of central configurations for Newtonian 
N+4-body problems. 
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1 Introduction and Main Results 

The Newtonian n-body problems([l],[23]) concern with the motions of n 
particles with masses rrij G R + and positions qj E R 3 {j = 1,2, ...,n) , the 
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motion is governed by Newton's second law and the Universal law: 



m jqj = —, (1.1) 



where q = ((71,(72, ■ ■ ■ , q n ) an d U(q) is Newtonian potential: 



Consider the space 



X = {q = ((71, 92, • • • , <7n) e R 3n : ^ m j9j = 0}, (1.3) 

i.e, suppose that the center of mass is fixed at the origin of the space. Be- 
cause the potential is singular when two particles have same position, it is 
natural to assume that the configuration avoids the collision set A = {q = 
(qi, ■ ■ ■ , Qn) '■ Qj = Qk for some k / j}.The se t X\A is called the configura- 
tion space. 

Definition 1.1([20,24]):A configuration q = ((71,92,- ■■ ,Qn) G X\A is 
called a central configuration if there exists a constant A such that 



^2 1 -3-^3 (gj - Qk) = -^m k q k , l^k^n. (1.4) 
. _l, \Qj Qk\ 

The value of constant A in (1.4) is uniquely determined by 



A = j, (1.5) 

Where 

n 

I = ^2m k \q k \ 2 . (1.6) 

fe=i 

Since the general solution of the n-body problem can't be given, great im- 
portance has been attached to search for particular solutions from the very 
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beginning. A home-graphic solution is a configuration which is preserved for 
all time. Central configurations and homographic solutions are linked by the 
Laplace theorem (see [24]).Collaps orbits and parabolic orbits have relations 
with the central configurations([17,19,20]).So finding central configurations 
becomes very important. The main general open problem for the cental 
configurations is due to Winter[24]and Smale[22]:Is the number of central 
configurations finite for any choice of positive masses mi, m n ?Hampton 
and Moeckel([6]) have proved this conjecture for four any given positive 
masses. 

For 5-body problem , Hampton ([5])provided a new family of planar central 
configurations,called stacked central configurations which has some proper 
subset of three or more points forming a central configuration. 
Ouyang ,Xie and Zhang([15]) studied pyramidal central configurations for 
Newtonian N+l-body problems; Zhang and Zhou ([25]) studied double pyra- 
midal central configurations for Newtonian N+2-body problems; Mello and 
FernandesQll]) studied new classes of spatial central configurations for the 
N+3-body problem. 

Based the above works,we study stacked central configuration for Newto- 
nian N+4-body problems, in N+4-body problems, for which N bodies are 
at the vertices the vertices of a regular polygon , the other 4 bodies are 
symmetrically located on the straight line that is perpendicular to the plane 
that contains T and passes through the center of T,the vertical line passes 
the geometrical center of the regular polygon, (see Fig 1 for TV = 4). 
Related assumptions will be interpreted more precisely in the following. 
Without loss of generality we can take a coordinate system such that 
qj = (cos(^2tt), sin(^27r), 0) where j = l,---,N; 
QN+i = (0,0, ri), q N+2 = (0,0, -ri), q N+3 = (0,0, r 2 ), q N+4 = (0,0, -r 2 ). 
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We have : 

Theoreml.l:If mjv + l = mjv + 2(or 77t,jv + 3 = 777^ + 4) and 777,1, ■ 
form a central configuration, then 



, rn-N+4 



(1) 



^f =l m jqj = 



(2) :toat + 3 = 7777V + 4( 7777V + 1 = m-jv + 2). 

(3) :?77i, • • • , ?77 7v also form a central configuration. 

(4) :777l = • • • = 7777V- 

Theoreml.2:Assume that m\ = • • • = 7777V = 1>"itv+i = "t-jv+2 = ^i^tv+3 
7777V+4 = M l5 then there exist e(ri,r 2 ) > , 5 > such that V (ri,r 2 )£ 
{( r i 5 ^2)k2 > r\ > 5,T2 — r\ < e(ri,r2)}, we have positive masses M\ = 
Mi(ri,r2),M2 = M2{r\,r2) and all the N + 4 bodies form a central config- 
uration. 



Remark 1:M 1 
Where : 



fclQ22— fc2»12 
«11C22— 012^21 



_ 62^11 — blfl2l 
011022 — «12«21 ' 



an - 47T 



,ai2 



^22 

61 = A 

62 = A 



lr:; 



|l+r 2 | 3 / 2 
2 

|l +r 2|a/2, «21 
N 

|l+r?|3/2 
N 

|l+r||3/2 



| ri _|_ r2 |2 ri 
1 



+ 



\ri— T2\ 2 r\ 
1 



| 1+r 2|3/2) 



| ri _|_ f . 2 |2 f>2 | ri _ r2 |2 r2 | 1+r 2|3/2' 



Remark 2:When N = 2 ,the Theoreml.2 is related to the Theorem 1.3 

in [8]. 
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2 The Proofs of Theorems 
2.1 Some Lemmas 

We need some Lemmas. 

If n x n matrix A = (a^) satisfies 

ai,j = di-ij-i, 1 < i,j < n, (2.1) 

where we assume a^o = «j,n)«o,j = Onj,then A is called a circulant matrix. 
Lemma2.1(see [10]). Let A = (a^) be a circulant matrix, then the eigenval- 
ues X k and eigenvectors v ^ of A are 

n 

\ k {A) = Y j ai, jP i k -_\ (2.2) 

3=1 

and 

^jfe = (pjfe_i,pLi,-" ,Pfc-i) T (2-3) 

/ -i 2 k TV 

where p k = e y n . 

Lemma2.2([24]):For n > 3, and mi = m<i = ■ ■ ■ = m n , if (mi,m2, • • • , m n ) 
locate at vertices of a regular polygon ,then they form a central configura- 
tion. 

From (1.4)and (1.3), notice that we have 

n 

m 3 m k 

L 

3=1,3^ 

En n 

-Am k {q k ) = ~ m kjr 2^ m jilk ~ Qj) 



it, 

r- 3 13 - 9fc) = ~Xm k q k = -Xm k (q k - q ) 



(2.4) 



M ' M 

3 = 1 



where M = £"=i m„g = HiT^ 
So (1.4) is also equivalent to 

n 1 A 

Yl m i( i„ _ q 13 -jg)(gj-gfc) = 0,fc = l,2,3,--- ,n. (2.5) 
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2.2 The Proofs of Theorem 1.1 and Theorem 1.2 
2.2.1 The Proof of Theorem 1.1 



If mi, • • • , mjv + 4 form a central configuration,we have 
N+4 1 A 

X ^ ( kF^"M )( ^- %) = ' fe = 1 '---' Ar + 4 - 



Notice that (2.6) can be also written as 



N 1 A 

4 1 A 

X>"+i( | g „ + ._ gfc |3 " m )( ^ - %) = °' 

= !,•••, AT. 



and 



JV 



g mj( kFk7F"^ )((?J " 97V+/)+ 

4 1 A 

j^l ~ QN+l\ M 

I = 1,2,3,4. 



Now (2.8) is taken inner product with vectors e\ = (1,0,0) and 
(0,1, 0),then we get: 

y \ qj -q N+ l\* M'j^ 3 N 

(i — - — n ~ 4)y^™(^2^)=0 
\qj-qN+i\ 3 m ^ n ' 

j = !,■■■ ,iV. 



(2.9) can be also written as 



It is obvious that 



we get 



N 

= (2.12) 
(2.8) is taken inner product with vector if 3 = (0, 0, l),then we have: 



N 1 A 1 A 

E m ^ |l + r 2|3/2 " + ^+l + " M W+2 + 

( r i - r2)( f^p " iz w+3 + (ri + r2)( RT^F " w+4 = 

(2.13) 

N 1 A 1 A 

E m '-( |l + r 2|3/2 " ^ + " M )m7V+1 + 0mW+2 + 

(ri + r2)( RT^p " IF )mjv + 3 + (ri " r2)( R^F ~ ^ w+4 = 

(2.14) 

N 1 A 1 A 

E^(^fV2 - M )r2 + (r2 " n)( h^F " M )mN+l + 

^ + r2 )( | ri + r2 |3 - iz w+2 + 0mw+3 + 2r2( ^p " ^ )mN+A = 

(2.15) 



N 1 A 1 A 

E^-^fp - M )r2 + (ri + r2)( KT^p " M )mN+1+ 

( r 2 " r l)( | ri _ 1 r2 |3 " Jf) m *+2 + ^(^p " F )mjV+3 + 0m7V+4 = 

(2.16) 

By(2.13)and(2.14),we have: 

2ri( ^F ~ ^ ))(mjv+1 " mN+2)+ 

(2.17) 

By(2.15)and(2.16),we have: 

(2.18) 

We define:/(x) = *(£ - A)) ffi = - J, _ ^ < , so 

/(ra-n) = (ra-nK ^^^ -A) ^ ( r2+ri )( _ -L_ - A) = /(r2+ri) 

(2.19) 

If mjv + i = m7v+2,by (2.17) and (2.18), we have mjv + 3 = mjy + 4. 
If mjv + 3 = mAr_|_4,by (2.17) and (2.18), we have rriN + i = mjy + 2- 
By ttin+i = rriN + 2 ,mjv +3 = mjv+4 and (2.7), we have 

" 1 A 

E ^( 1 |3 -^)fa-g fc ) = 0,fc = l,---,iV. (2.20) 



Since (fy- locates on a unit circle, let 
~~N /' 

N 



q k = exp( 2(fc = v^-By (2.20) we have 



E m i( \ a l _ i|3 ~ 77)fo-* - 1) = 0, fc = 1, • ■ ■ , ^- (2-21) 



We define the N x N matrix C = (ckj), where 

c k ,j = O,for j = k;c k ,j = ~ jg)(gj-fc ~ l),for j / k. 

C is circulant matrix since 

Cfc-ij-i = Cfcj = O,for j = fc; c fc _ij_i = ( \ qu _ l} _l_ l} -i\* ~ ~ 

X) = ( fe- fc 1 -i| a " ^)(%-* " X ) = c kJ for J ^ 
Then (2.21) can be written as 



CM* = (2.22) 



where M* = (mi, • • • , mjv) T '• 

By Lemma2.1 and (2.22) we have 

mi = m2 = ■ • ■ = mjv. (2.23) 

By Lemma2.2 and (2.23) we know that 
mi, • • • , m jv also form a central configuration. 
The proof of Theoreml.l is completed. 

2.2.2 The Proof of Theorem 1.2 

Notice that (q±, ■ ■ ■ , qN+i) is a central configuration if and only if 

7V+4 

I m £ m * (qj - q k ) = -Am fcgfc , 1 ^ k ^ N + 4. (2.24) 
Since the symmetries, (2.24) is equivalent to 

7V+4 

£ I m l m *| 3 fa ~ gfc) = -Am fc g fc , fc = 1, AT + 1, AT + 3. (2.25) 



That is 



-A(l, 0, 0) = -A*(l, 0, 0) + l^^^i + 

l (-1.0,^2) , (-1,0, -ra) 
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(2.26) 



\l + r{\ 3 / 2 \2n\ A |n+r 2 |3 

In - r2\ 6 

-A(0, 0, -r 2 ) = + + ^J-^U 



|l +r 2|3/2 |n+r 2 | 3 |n-r 2 | 

|3 

(2.28) 



where A* such that 

N 

^2 I m i mk ( qj - qk ) = -X* mkqki fc = 1, • • • , AT. 
(2.26),(2.27)and (2.28) are equivalent to 

A = A * + ^F Ml + ^T^ M2 (2 - 29) 
A = jlTT^ + ^! Ml + " R^F^ )M2 (2 - 30) 

A = u N 2n/2 + (l i 1 12 + 1 ^^) M i + A M 2 (2-31) 

(2.29),(2.30)and (2.31) are equivalent to 

12 112 

(4^3 " | 1 + r 2| 3 / 2 ) Ml + ( | n+r2 |2 ri - | n - r2 |2 ri " | 1 + r 2|3/ 2 ) M2 

= r ^ 



| 1 + r 2|3/2 

(2.32) 



1 12 12 

( |ri+^2| 2 r-2 + |ri-r 2 | 2 r 2 " |l + rf|3/2 )Ml + ( 4^f " |l + r 2|3/ 2 ) M 2 

= A 



|l + r||3/2 

(2.33) 

when ana 22 — ai 2 a 2 i 7^ 0,we have 

Ml = 6lQ22 = 62012 (2.34) 

011022 — «12«21 
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M 2 = 52011 " M21 (2.35) 

011022 — 012^21 



Where 



_ _ J_ 2 _ 1 1 _ 2 

"11 - |l+ r 2|3/2>«12 - | ri+r2 |2 ri |ri-r 2 | 2 ri |l+r 2 | 3 / 2 ' 

„ _ 1 2 _ 1 , 1 2 

"22 ^| | 1+r 2|3/2, "21 - | ri+r2 |2 r2 -T | n _ r2 |2 r2 |l +r 2|3/2- 

Z. \* N 

~~ |l+rJ|3/2 

A — \* N 
ft 2-A " | 1+r 2|3/2 

If 

011^22 - ai202i < 0, 6ia 2 2 - b 2 a\2 < 0, 6 2 an - 0i«2i < 0, (2.36) 

then 

Mi > 0, M 2 > (2.37) 
Notice that (2.36) is equivalent to 

^ < £ < ^ (2.38) 

021 02 0-22 



Notice that 



l 



an _ 4rf |l+r 2 | 3 / 2 



„ 1 i 1 _ 2 

21 |n+r 2 | 2 r 2 |ri-r 2 | 2 r 2 |l+r 2 | 3 / 2 

|l + r 2 | 3 / 2 -8r 3 (rl-rf)V 2 (l+rf)3/ 2 (2 . 3g) 

4rf x |1 + r 2 | 3 / 2 2(rf + r 2 )(l + r 2 ) 3 / 2 - 2(r 2 - r 2 ) 2 



|l + r 2|3/2_ 8r 3 ^ (r 2_ r 2)2 r2 



4r 3 2 (r 2 + r 2 )(l + r 2 ) 3 / 2 - 2(r 2 - r 2 ) 2 r 2 

Since lim ri _ >+00 ^ 1+ri ^3 — — = — oo, and for r 2 = r\, c l(r\ — r\) 2 r2 = 0. Then 
there exists S\ > 0,e(ri, r 2 ) > 0,such that for n > Si, we have 

| 1 + r 2|3/2_ 8r 3 
4r 3 

and for r 2 — ri < e(ri, r 2 ), we have 

2(r 2 +r 2 )(1+r 2 ) 3/2_ 2(r 2_ r 2 ) 2 r2>0 
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So 



— < 0,V(ri,r 2 ) G {(n,r 2 )\r 2 > n > 5,r 2 - n < e(n,r 2 )} (2.40) 

«21 



We also notice that 



lim p- = 1 (2.41) 

ri— >+oo b 2 



oi2 _ 4r 2 (l + r!) 3 / 2 + 2(r| - r 2 ) 2 4r 3 (l + r 2 ) 3 / 2 

X 



a 22 " (r 2 2 - r 2 ) 2 (l + r 2 ) 3 / 2 8r 3 - (1 + r 3 ) 3 / 2 

16(1 + ±z?' 2 + 8(1 -(^) 2 ) 



(l-(^) 2 )(8-(l + ^) 3 / 2 ) 
There exists 5 2 > ,such that for r 2 > <5 2 > 0, we have 

^ > 2 (2.42) 

o 22 

By (2.40),(2.41)and(2.42), there exists 5 > max {Si, S 2 }, such that for <5 < 
ri < r 2 and r 2 — ri < e(ri, r 2 ), we have 

Qn gig 
a 2 i & 2 a 22 

The proof of Theoreml.2 is completed. 
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